We report the first observation of stimulated Brillouin scattering (SBS) with Brillouin lasing, and Brillouin-coupled four-wave-mixing (FWM) in an ultra-high-Q silica microbottle resonator. The Brillouin lasing was observed at the frequency of Ω B = 2π × 10.4 GHz with a threshold power of 0.45 mW. Coupling between Brillouin and FWM was observed in both backward and forward scattering directions with separations of 2Ω B . At a pump power of 10 mW, FWM spacing reached to 7th and 9th order anti-Stokes and Stokes, respectively.
Introduction
Stimulated Brillouin scattering (SBS) is a nonlinear optical phenomenon that takes place due to electrostrictive interaction between light and acoustic waves (dictated by the intrinsic material nonlinearities), as well as due to the combined effect of the electrostrictive forces and radiation pressure at the boundaries (in particular in systems with nanoscale light confinement) [1] . The process requires phase matching, which involves energy and momentum conservation [2, 3] . In SBS, an incident pump light with frequency ω p is scattered from acoustic phonons of frequency Ω B resulting in a Stokes light with a lower frequency of ω S = ω p − Ω B (i.e., energy conservation) and amplification of the initial acoustic wave. Since the scattering can take place in any direction with respect to the pump direction, momentum conservation rule k P = k S + k B where k i=P,S,B are the wavevectors of the pump light, Stokes light and the acoustic phonons, respectively, determines, together with the dispersion characteristics of the material, the frequency of the acoustic phonons. Although scattering can be in any direction in bulk systems, in light guiding structures such as optical fibers, waveguides or resonators, the pump and Stokes fields (i.e., scattering) are either co-propagating (i.e., forward scattering) or counter-propagating (i.e., backward scattering). In silica optical fibers, if the pump (at 1550 nm band) and Stokes fields are counter-propagating the acoustic frequency is 11 GHz, and if the pump and Stokes are copropagating, it is in the range of MHz to a few GHz. SBS has been of increasing interest due to its underlying physics and potential applications such as ultra-narrow linewidth Brillouin laser [4] [5] [6] [7] , Brillouin optomechanics [8, 9] , microwave photonics [10, 11] , slow and fast light generation [12, 13] , and nonreciprocal light propagation [14, 15] . Four-wave-mixing (FWM) is yet another nonlinear process that has found widespread use in many areas ranging from optical frequency conversion [16] [17] [18] and quantum light generation [19-23] to quantum nondemolition measurements [24] and frequency combs [25] [26] [27] . Fourwave-mixing requires the phase-matching condition ω 1 + ω 2 = ω 3 + ω 4 and k 1 + k 2 = k 3 + k 4 for non-degenerate process, and 2ω 1 = ω 3 + ω 4 and 2k 1 = k 3 + k 4 for degenerate process. If the phase matching conditions for SBS and FWM are simultaneously satisfied, they become coupled to each other, a process referred to as SBS-coupled FWM or SBS-assisted FWM [28, 29] .
Among many optical structures and devices, microresonators, in particular, whisperinggallery-mode (WGM) microresonators, have emerged as convenient optical devices to study nonlinear processes and lasing at low input powers. SBS , SBS and FWM were reported as two separate (not simultaneous or in a way to enhance/suppress each other) nonlinear processes taking place in a hollow-core microbottle. In [34], the anti-Stokes components in the forward and backward directions hint the possibility of a coupled SBS and FWM process (via FWM between the pump and the Stokes generated by SBS or FWM of Stokes); however, the strong presence of the pump in both the forward and backward (due to strong Rayleigh backscattering) directions does not convincingly exclude the possibility of the observed anti-Stokes components coming solely from FWM. In these structures, Brillouin interaction is significantly enhanced because they support both optical and acoustic resonances. Similarly, the FWM has been investigated in WGM resonators [16, [37] [38] [39] . The presence of doubly or triply resonant optical modes in microresonators enhance FWM interactions leading to a more efficient process.
Recently solid-core microbottle resonators have attracted increasing interest due to their easy fabrication, high optical quality factors (Q ≤ 10 8 ) and 3D optical confinement [40, 41] . Experiments of cavity-QED [42], add-drop filter [43] , slow light generation [44] and nonlinear optical Kerr switch [45] have shown that microbottles are promising for applications and fundamental studies. In contrast to other WGM resonators, the free-spectral-range (FSR) of microbottle resonators depend on not only the radius of the structure but also its axial length [46] , making it possible to fabricate resonators with a preferred density of resonances such that there are resonances at the frequencies of interest (i.e., resonances at the pump and Stokes frequencies for cavity-enhanced SBS).
In this paper, we report the first observation of SBS, low-threshold Brillouin lasing and SBScoupled FWM in a silica microbottle resonator, fabricated from a single mode optical fiber using heat-and-pull method.
Principle and experimental setup
In cavity-enhanced SBS, the resonator should support both optical resonances at the frequency of the pump and Stokes light (i.e., the FSR of the resonator corresponds to the Brillouin frequency Ω B ), and the acoustic wave. Figure 1 (a) depicts an illustration of SBS process. The 1st Stokes signal S1 red-shifted from the pump by Ω B is the result of backward scattering of the pump from the acoustic wave. At elevated pump powers, the 1st Stokes signal is enhanced such that it acts as a pump that generates the 2nd Stokes signal via backward scattering. Then the 2nd Stokes, which propagates in the same direction as the initial pump, creates the 3rd Stokes which co-propagates with the 1st Stokes but counter-propagates with the initial pump and 2nd Stokes. If the power is further increased, high-order Stokes fields at ω nS = ω p − nΩ B are generated. Since the odd (even) order Stokes counter-propagates (co-propagates) with the initial pump field, a train of Stokes signals with a frequency spacing of 2Ω B emerges in the forward (backward) directions, forming a Brillouin frequency comb.
In cavity-enhanced FWM, the resonator should support resonances at the pump, Stokes (redshifted from the pump; idler) and anti-Stokes (blue-shifted from the pump; signal) frequencies. Fig. 1(c) ]. Let us assume that high-order SBS created the 1st, 2nd and the 3rd Stokes at ω S1 , ω S2 and ω S3 separated by Ω B . The 1st and the 3rd Stokes are in the same direction, counter-propagating with the initial pump, whereas the 2nd Stokes co-propagates with the pump. In this case 2nd Stokes and the pump can undergo non-degenerate FWM creating the 2nd anti-Stokes at ω aS2 = ω P + 2Ω B and the 4th Stokes at ω S4 = ω S2 − 2Ω B , which co-propagate with the pump and the 2nd Stokes. Similarly the 1st and the 3rd Stokes can undergo FWM creating the 1st anti-Stokes at ω aS1 = ω S1 + 2Ω B and the 5th Stokes at ω S5 = ω S3 − 2Ω B which co-propagate with the 1st and 3rd Stokes but counter-propagates the initial pump. Note that any of the generated Stokes or anti-Stokes can also undergo degenerate FWM creating new Stokes and anti-Stokes. If the SBS-coupled FWM continues, with the newly generated signals acting as seeds, more Stokes and anti-Stokes signals with new frequencies will be generated. As a result, if the out-coupled light from the waveguidecoupled resonator is observed, one will see a comb with spacing 2Ω B in both the forward (i.e., the same direction with the initial pump) and the backward (i.e., the opposite direction with the initial pump) directions. While the former includes Stokes and anti-Stokes of even order, the latter includes only the odd order. We note that a frequency comb via SBS-only process consists of Stokes signals (frequencies smaller than spacing of 2Ω B . A comb via FWM-only process, on the other hand, consists of Stokes and anti-Stokes signals (frequencies smaller and larger than the pump frequency) with a spacing of Ω B . Combining these two process as SBS-coupled FWM prepares a frequency comb consisting of Stokes and anti-Stokes (i.e., similar to a FWM-only process) with a frequency spacing of 2Ω B (i.e., similar to a SBS-only process). Here, we ignore the spectra from SBS-uncoupled FWM, which generates signals and idlers with a separation of Ω FSR because Brillouin gain is about one hundred times larger than FWM gain [2] .
We used a silica microbottle resonator, which was fabricated from a single mode optical fiber (125 µm clad and 10 µm core) using the heat-and-pull method, to study SBS, Brillouin lasing and SBS-assisted FWM. The maximum diameter of the bottle resonator, the diameter of the necks and the separation between the necks were approximately 125 µm, 80 µm and 8 mm, respectively. Figure 2(a) shows the optical microscope image of the microbottle resonator used in the experiment. Using a theoretical model [46] , we estimated the azimuthal FSR as ∼0.5 THz, and the axial FSR as ∼10 GHz that is roughly equal to Ω B . From the transmission spectra measured with a weak probe when the taper-resonator system was set in the deep-undercoupling regime, we estimated the quality factor of the resonances as 2.2 × 10 8 . Figure 2 (b) depicts an illustration of the experimental setup. Light from an external cavity diode laser (ECDL) in the 1550 nm band with a linewidth of 300 kHz was used to probe the resonance structure of the microbottle and to excite the SBS and FWM in the resonator. The wavelength of the ECDL was linearly scanned by applying a triangular signal, generated by an arbitrary function generator (AFG) to the piezoelectric transducer inside the laser package. Before the light from the ECDL was launched into the tapered fiber, it was first amplified using an erbium-doped fiber amplifier (EDFA), and then sent through a tunable attenuator (Att) to have a tunable pump power. After the attenuator, the polarization of this light was adjusted by a fiber polarization controller (PC) for maximal coupling into the WGM. Using a 10:90 fiber-based beamsplitter (BS), a portion of the light was directed to a power meter. The rest (larger portion) was coupled into a tapered fiber that was used to couple light into and out of the WGMs of the microbottle. The forward signal (transmission) was divided into two optical paths, one of which was monitored by a photodiode (PD) connected to a digital sampling oscilloscope (DSO) and the other was connected to a single channel optical spectrum analyzer (OSA). In order to monitor the backward signal (reflection), a circulator was placed between the 10:90 beamsplitter and the tapered fiber so that the back-scattered light could be channeled to the OSA and to a PD connected to the DSO. We placed a fiber-based switch to actively route either the forward or the backward signal to the single channel OSA. We fixed the laser-resonator detuning using thermal locking method. 
Results and discussion
Figures 3(a) and 3(b) show the spectra obtained in the backward and the forward directions at a pump power of 1.6 mW. As expected the 1st Stokes, that was red-shifted from the pump by the Brillouin frequency of Ω B = 2π×10.9 GHz, appeared in the backward spectra. As we increased the pump power and adjusted the detuning, cascaded SBS took place at 5.1 mW [Figs.  3(c)-3(d) ], generating the 1st and 3rd Stokes in the backward and the 2nd Stokes in the forward spectra.
As we discussed in the preceding paragraphs [ Fig. 1(a) ], the even-order Stokes generated via SBS should be in the forward direction (i.e., co-propagating with the pump) and the odd-order Stokes in the backward direction (i.e., counter-propagating with the pump). In the experimentally-obtained spectra of cascaded SBS given in Figs. 3(c)-3(d) ; however, we see that there is a weak (compared to 1st Stokes) 2nd Stokes signal in the backward spectra. Similarly we see the 1st and 3rd Stokes in the forward spectra, which should not have odd-order Stokes. These suggest the presence of Rayleigh scattering that may be due to the presence of scattering centers in the mode volume. In such cases, either the strong pump field input in the forward direction scatters into the backward direction and generates Stokes both in the backward and forward directions or the 1st and 3rd Stokes generated in the backward direction undergo Rayleigh scattering and couple to the forward direction. In the case of very strong Rayleigh scattering, the odd-and even-order Stokes in both the forward and backward directions can@become comparable to each other, leading to an output with a frequency spacing of Ω B in both the forward and backward directions, instead of the frequency spacing of 2Ω B expected when there is no Rayleigh scattering [ Fig. 1(c)] .
In order to observe the Brillouin lasing behavior for the 1st Stokes signal, the backward and the forward signals were monitored by the DSO by scanning the laser frequency for ∼3 GHz around a resonant mode. We inserted an optical bandpass filter, with a bandwidth of 60 GHz around the pump frequency, into the path of the backward scattering before the PD to remove signals generated by other nonlinear processes such as Raman and FWM. Figures 4(a) and 4(b) depict the experimentally-obtained transmission spectra (forward scattering) and reflection spectra (backward scattering) for the pump powers of 0.8 mW and 3.2 mW, respectively. In the forward direction, we have a thermally-broadened transmission spectra due to ultra-high Q resonance and high pump power. We observed a signal peak in the backward direction at the edge of the transmission spectrum. The intensity of this signal increased as we increased the pump power. We evaluated the dependence of this signal on pump power by monitoring it with the PD and the OSA simultaneously. From the OSA data we found that this signal was redshifted from the pump by 10.5 GHz which equals to the Brillouin frequency of Ω B , suggesting that the observed signal was the 1st Stokes [ Fig. 4(c) ]. As seen in Fig. 4 (c) pump power versus peak power of the 1st Stokes exhibited a threshold behavior. From a linear fit to the experimental data, we estimated the threshold of Brillouin lasing as 0.45 mW.
By finely adjusting the frequency of the pump, we obtained with a pump power of 6.4 mW the 1st anti-Stokes in addition to the 1st, 2nd and 3rd Stokes in the backward spectra [ Fig. 5(a) ], implying the presence of both FWM and cascaded SBS. The forward spectra included only the 1st and 2nd Stokes. The presence of weak 1st Stokes and weak 2nd Stokes in the forward and backward spectra, respectively, suggests the presence of Rayleigh scattering. The process here can be explained as follows. As soon as the 1st Stokes is generated by the pump in the backward direction, it experiences degenerate FWM (2ω S1 = ω aS1 + ω S3 ) creating the 3rd Stokes and the 1st anti-Stokes with ω S1 − ω aS1 = ω S3 − ω S1 = 2π×21.3GHz which is twice the Brillouin frequency of Ω B = 2π×10.7 GHz. Figure 5(b) shows the spectra obtained with a pump power of 10.0 mW. The presence of high order Stokes (up to the 11th) and anti-Stokes (up to the 5th) in the backward spectrum implies that cascaded-SBS and -FWM took place. In the forward spectrum, anti-Stokes up to the 7th order and Stokes up to the 9th order are clearly seen. The presence of even-order signals in the backward spectrum and odd-order signals in the forward spectrum imply not only the presence of Rayleigh scattering but also the SBS-uncoupled FWM process. In the SBS-uncoupled FWM process, the strong pump light can generate the signal and idler in the forward direction with the FSR Ω B . The odd-order signals in the backward spectrum have a frequency separation of Ω 2 = 2Ω B = 2π×21.3 GHz. This together with the presence of anti-Stokes suggests an SBS-coupled FWM. In the forward direction, there is a significant effect of Rayleigh scattering which has led a frequency separation of Ω B = 2π×10.7 GHz up to 5th anti-Stokes and 7th Stokes. 
Conclusion
In conclusion, we reported the first observation of SBS, cascaded SBS, Brillouin laser and SBS-coupled FWM in a microbottle resonator. A challenge in the demonstration of Brillouin scattering in resonators is to precisely match the FSR of the resonator to the Brillouin frequency shift. This requires an FSR of around 11 GHz to observe backward Brillouin scattering in silica resonators. In order to overcome this challenge, resonators with millimeter-scale radius are fabricated because larger radius results in shorter FSR and a denser spectra which makes it easier to resonantly collect Brillouin scattering. In bottle resonators, on the other hand, this can be achieved by engineering the FSR of axial modes via the axial length of the bottle (i.e., the longer the axial length, the shorter the FSR and denser the spectra) while keeping the radius of the resonator at micrometer scale. This property of microbottle resonators will be very useful in studying nonlinear phenomena which requires doubly-or triply-resonant interactions. In this study, we observed SBS-coupled FWM in a resonator of radius 125 µm at pump powers as low as 6 mW, which is less than 1/10-th of the pump power (80 mW) used in BaF2 disk resonator with a diameter of 12 mm [34] , in which the possibility of SBS-coupled FWM was claimed. The high-Q, the ease of fabrication, the ability of tuning the FSR and the low power threshold for observing nonlinear effects such as FWM and Brillouin scattering and lasing make microbottle resonators suitable for many applications including sensors. For example, microbottle resonators with longer axial length and hence shorter FSR may have such a dense spectra that temperature-and strain-dependence of Brillouin frequency shift can be monitored to build optical sensors. Our results show that microbottle resonators provide a new and versatile platform to build optical sensors and optical frequency combs and Brillouin optomechanics.
